Absence of sufficiently localized traveling wave solutions for the 
Novikov-Veselov equation at zero energy 



A.V. Kazeykina 

Abstract. We demonstrate that the Novikov-Veselov equation (a (2+l)-dimensional analog 
of KdV) at zero energy does not possess solitons with the space localization stronger than 
0(|a;|~^) as |x| — > oo. 



1 Introduction 

In this article we consider the Novikov-Veselov equation 

dtv = 4Re(4(9f V + d^{vw) - Ed^^w), (1.1a) 
dzW = —3dzV, V = V, i.e. v is a real-valued function, £^ G M, (1-lb) 

v = v{x,t), w = w{x,t), x = (xi, 2:2) € M^, t € M, 



where 



d I f d d \ ^ 1 f d d , , , 



From the mathematical point of view equation (1.1) is the most natural (2 + l)-dimensional 
analog of the classic Korteweg-de Vries equation. When v = v{xi,t), w = w{xi,t), equation 
(1.1) reduces to KdV. Besides, equation (1.1) is integrable via the scattering transform for the 
Schrodinger equation on the plane 



11/; = El/;, L = -A + v{x,t), 

™2 A 5' 52 ^ ^ (1.3) 

x G M , A — -—2 + 7— 2 , E — Efixed 
oxf 0x2 



Note also that when E ±00, equation (1.1) transforms into another renowned (2 + 1)- 
dimensional analog of KdV, Kadomtsev-Petviashvili equation (KP-I and KP-II, respectively). 
In addition, a dispersionless analog of (1.1) at = was derived in [KM] in the framework of 
a geometrical optics model. 

Equation (1.1) is contained implicitly in [M] as an equation possessing the following repre- 
sentation 

= [L-E,A] + B{L - E) (1.4) 

(Manakov L — A — B triple), where L is the operator of the corresponding scattering problem, 
A, B are some appropriate differential operators and [•, •] denotes the commutator. For the 
particular case of the 2-dimensional Schrodinger operator as in (1.3) the explicit form of a 
third-order differential operator A and a zero-order differential operator B 

A = —Sdl — 2wdz — 8(9? — 2iddz, , ■ 1 n 1 ■ -,1 \ /-, 

where t(; IS dehned via 1.1b , 1.5 

B = 20zW + 20zW, 

as well as the corresponding evolution equation (1.1) and its higher-order analogs were given in 
[NVl], [NV2]. 
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In this article we are concerned with equation (1.1) at zero energy E = 0. We consider its 
regular, sufficiently localized solutions satisfying the following conditions 

• v,we C(M2 X R), v{; t) e C^(R2) Vi G M; (1.6) 

. \div{x,t)\ ^ ^^^^|^j-^4+, , j = {h,h) e (NUO)^ h +h ^ 3, for some q{t) > 0,e > 0; 

(1.7) 

• |u;(a;,t)| -> 0, when |x| ^ oo, t G M. (1.8) 

Our main concern will be the question of existence and absence of solitons for the Novikov- 
Veselov equation at zero energy. We say that a solution of (1.1) is a soliton if v{x,t) = V{x — ct) 
for some c = (ci, C2) G M'^. 

Solitons and the large time asymptotic behavior of sufficiently localized in space solutions 
for the Novikov-Veselov equation (1.1) were studied in the series of works [GNl, G, N2, Kl, 
KNl, KN2, KN3]. In [KNl, Kl] it was shown that in the regular case, i.e. when the scattering 
data are nonsingular at fixed nonzero energy (and for the reflectionless case at positive energy), 
related solutions of (1.1) do not contain isolated solitons in the large time asymptotics. In the 
general case it was shown in [N2, KN3] that the Novikov-Veselov equation (1.1) at nonzero 
energy does not admit exponentially localized solitons. This result was improved in [K3] where 
it was shown that the Novikov-Veselov equation (1.1) at nonzero energy does not possess solitons 
decaying as O e > 0, for \x\ — >■ cxd. A family of algebraically localized solitons for 

the Novikov-Veselov equation at positive energy was constructed in [G] (see also discussion in 
[KN2]). These solitons are rational functions decaying as O (|x|~^) when |x| — > 00. For the 
Novikov-Veselov equation at zero energy the absence of solitons of conductivity type was proved 
in [K2]. 

The main result of the present article consists in the following theorem. 

Theorem 1. Let {v,w) be a soliton solution of (1-1) with E = satisfying properties (1-6)- 
(1.8). Then v = Q,w = Q. 

The proof is based on the ideas proposed in [N2, K2] and exploits the regularization of 
Faddeev solutions and some special scattering data introduced in [BLMPl]. 

Note that KP-I equation possesses soliton solutions and these solutions decay as O (|a;|~^) 
when \x\ -> 00. By contrast, KP-II does not possess sufficiently localized soliton solutions. For 
the results on existence and nonexistence of localized soliton solutions of KP-I, KP-II and their 
generalized versions see [BSl]; the symmetry properties and the decay rates of these solutions 
were derived in [BS2]. 

For more results on integrable (2 -|- l)-dimensional systems admitting localized soliton solu- 
tions, see [AC, BLMP2, FA, FS] and references therein. In particular, for more results on the 
behavior of solutions for the Novikov-Veselov equation at zero energy see [LMS, TT, Ch, P]. 

The present paper is organized as follows. In Section 2 we recall, in particular, some 
known notions and results from the direct and inverse scattering theory for the two-dimensional 
Schrodinger equation at zero energy (see [GN2, Nl, BLMPl] for more details). Our main result 
(namely. Theorem 1) is proved in Section 3. Section 4 contains the proofs of some preliminary 
lemmas formulated in Section 3. A detailed derivation of some of the formulas used in the paper 
and proofs of some auxiliary statements can be found in the Appendix. 

This work was fulfilled in the framework of research carried out under the supervision of 
R.G. Novikov. 
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2 Direct scattering for the 2- dimensional Schrodinger equation 
at zero energy 

Consider the 2-dimensional Schrodinger equation at zero energy 

LV' = 0, L = -A + ?;, A = 4d,d,, 
v = v{z), z = xi + ix2, xi,X2€M 

with a potential v satisfying the following conditions 



v{z) = v{z), v{z)eL^{C), 

\di^di^v{z)\ < q{l + l^l)-''-^ for some q > 0, £ > 0, where ji + 32 ^ 3. 

For A G C we consider solutions il)\{z,\), 'tp2{z,X), ■^3(2;, A) of (2.1) having the following 
asymptotics 

■4)i{z,X) = e'-^''ni{z,X), |Lti(z, A) = 1 + 0(1), as |2;| -)■ 00, (2.3) 

ip2{z,X) = e'^^fj,2{z,X), fj,2{z,X) = z + o{l), as \z\ ^ 00, (2.4) 

tpsiz, A) = e'^^nsiz, A), H3{z, X) = z^ + o(l), as \z\ 00. (2.5) 

Solutions of (2.1) with asymptotics (2.3) are known in literature as Faddeev's exponentially 
growing solutions (see [F, BLMPl]). Solutions of (2.1) with asymptotics (2.4) were introduced 
in [BLMPl]. 

Functions //i(2;,A), ii2{z,X), iJs{z,X) defined by (2.3)-(2.5) can be also represented as solu- 
tions of the following integral equations 

Mi(z,A) = 1 + J J giz-^,X)v{Ol^i{^,X)dRe^dlm^, (2.6) 

c 

f^2{z,X) = z + J J g{z - X)v{OM^, X)dRe^dlm^, (2.7) 

c 

ti3{z, X) = z^ + jj 9{^- A)i;(0/^3(e, A)dReedIme, where (2.8) 

c 

c 

where z G C, A G C\0. 

The integral in (2.9) can be computed explicitly (see [BLMPl]): 

g{z, A) = exp(— iAz) (Ei(zA2;) + Ei(-zAz)) . 

Here Ei(2;) is the exponential-integral function defined as follows 

00 „ 

Ei(z)-7-ln(-2) = ^^, zGC\(M+UO), (2.10) 

n=l 

where 7 is the Euler-Mascheroni constant 

00 





the branch cut for the logarithm function is taken on the negative real axis: ln(z) = In [z|+iArg2;, 
|Arg2;| < IT, and the series in the right part of (2.10) converges on the whole complex plane. 

Statement 2.1. Function Ei{z) defined by (2.10) possesses the following properties: 

1. Ei(z) + Ei(z) can be extended uniquely and continuously to z E via 

oo ~ 

Ei(z) + Ei(z) = 27 + 2 In |z| + ^ 



nn\ 

n=l 



2. Ei(z) = Ei(z); 

3. |Ei(z) + Ei(z)| ^ C^lnd^p) for < \z\ ^ 6 (function Ei(z) + Ei(z) has an integrable 
singularity at z = ); 

e^ 

4. d^Ei{z) = — for ze C\(M+ U 0); 

z 

5. Ei(z) possesses the following representation Ei(z) = J ^dr = J ^dr, where is any 

-00 

contour on the cut complex plane C\(M+ U 0) connecting points —00 and z; 

6. |e-^(Ei(z) + Ei(z))| < il for \z\ > 0. 

Properties 1-5 are well-known in literature (see, for example, [BLMPl] for some of them) 
and can be easily derived from (2.10). A detailed proof of property 6 is presented in subsection 
A.l of Appendix. 

It is easy to see that function g{z, A) has a logarithmic singularity at A = and thus the 

functions ^i(z, A), ^2(2, A), ^3(2, A) are not generally defined for A = even for arbitrarily small 
values of v. In [BLMPl] the following regularization of (2.9) at A = was proposed: 

g'{z, A) = expi-iXz){Ei{iXz) + Ei{-iXz)) - ^^(1 + X{z, A))g(A) (2.11) 

where 

X{z, A) = exp{-iXz - iXz), g{X) = ^(exp(-zA) + exp(zA)) (Ei(a) + Ei(-a)) . (2.12) 

Statement 2.2. Function g''{z, X) defined by (2.11), (2.10) possesses the following properties: 
1- /(-^,0) = ^ln|zp; 

2. g^{z,X) can be uniquely and continuously defined for z G C\0, A G C via 
1 , x/o 01 IX I ^ (^Az)'* + (-a^)" 1 



g\z,X) = — exp(-zAz)<^ 27 + 21n|A^;| + J] 



IGtt ^ nn\ 

\ n=l ) 

--^(1+X(z, A))(exp(-a)+exp(a)) j 27 + 21n |A| + f; (^^)" + (-^^)" \ forX + Q 
D47r I nn\ \ 

and via the previous item of the current statement for X = 0; 



3. g^{z,X)X{z,X)=g'iz,X); 
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4. \g'{z, A)| ^ ^ (^1 + ^ j /or z G C\0, A G C\0; 

5. /(z, A) = -1^(1 + X{z, \))g{X) + O as \z\ oo for any fixed A € C\0; 

6. ^ = ^x + ^xg-^{i + x)^. 

dX IGttA 167r 167r^ ^ dX 

Properties of function g'^{z,X) follow directly from definitions (2.11), (2.10) and Statement 

2.1. 

Now we define functions n\(z, A), iJ-^iz, A), nKz, A) as the solutions of the following integral 
equations: 



/xi(z,A) = l + JJ g'iz-^,X)v{Ofi\{^,X)dRe^dlm^, (2.13) 

c 

txliz, ^) = ^ + jj 9'{z - e, X)v{Oli\{i, A)dRe^dImC, (2.14) 

c 

^il{z, X) = z^ + [[ g\z - A)<0/^3(e, A)dRe^cnm^. (2.15) 



We also define the following functions: V'U-^i = e'-^''^^\{z, A), ^\{z, A) = 6*^^/4(2;, A), ^/^K^, A) = 
e^^'^ li\{z , X) . Note that functions VK-^jA), if^^izjX), 'il)\{z,X) are new "scattering" solutions of 
the Schrodingcr equation (2.1). 

IntermsofmU-z,A) = {l+\z\)-^^+^/^^ ix\{z,X), m\{z,X) = {l+\z\)-^^+^l'^^ ^il{z,X), ml{z,X) = 
(1 + |z|)-(3+^/2);u|(z, A) equations (2.13), (2.14), (2.15) respectively take the forms 

m\{zA) = (1 + k|)-(3+^/2) +//^^ + |^|)^(3+^/2)gr(^ _ ^ |^'jf-(3+./2) A)dRcedIm^, 

c 

(2.16) 

m^(z, A) = z{l + |z|)-(=^+^/2) +//(! + \z\r^'^'"'^g'{z - A)^^^^^jpL_^r A)dReedIme, 

c 

(2.17) 

ml{z,X) = z\l + |z|)-(=^+^/2) + //(I + kr(=^+^/2)/(z - A) ^ |^||l(3+./2) "^3(C, A)dReedIme. 



c 



(2.18) 



The integral operator H^{X) of the integral equations (2.16), (2.17), (2.18) is a Hilbert-Schmidt 
operator: more precisely, H^i-, •, A) € L^(C x C), where H^{z, S^, A) is the Schwartz kernel of the 
integral operator H''{X), and |Tr(i/'')^(A)| < oo. Thus, the modified Fredholm determinant for 
(2.16), (2.17), (2.18) can be defined by means of the formula: 

In A'-(A) = Tr(ln(/ - H'{X)) + H'{X)). (2.19) 

For the precise sense of this definition see [GK]. 
We will also define 

= {XeC: A'(A) = 0}. 

In this notation £^ represents the set of A € C for which either existence or uniqueness of 
solutions of (2.16), (or, similarly, of (2.17) or of (2.18)) fails. 
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For A G C\£''^ we define the following "scattering data" -S"'(A) for the potential v: 

S'\X) = {a\iX),b\iX),cliX),d\iX),aliX),d,{X),al{X)}, 

= JJ v{z)ji[{z, X)dRezdlmz, 

c 

b\{X) = J J e'^'+'~^%{z)fi\{z,X)dRezdlmz, 

c 

^iW — J J zv{z)ij\{z, X)dRezdlmz, 

c 

d\{X) = J J ze'^'+'~^%{z)tJ.\{z,X)dRezdlmz, 

c 

0'2i^) — J J v(z)f/2iz, X)dRezdImz, 

c 

— JJzv{z)^2{^:^)dRGzdlmz, 

c 

'^3('^) = JJ v{z)f/^{z, X)dl{jezdlmz. 



2.20) 
2.21) 

2.22) 

2.23) 

2.24) 

2.25) 

2.26) 

2.27) 



Functions a[ , b\ are regularized analogs of the standard Faddeev generalized scattering data 
for the 2- dimensional Schrodinger equation at zero energy. The scattering data d\, the 
case of the Schrodinger equation at zero energy were introduced in [BLMPl]. 

The following properties of function A'^(A) will play a substantial role in the proof of the 
main result. 

Statement 2.3. Let v satisfy conditions (2.2). Then function A''(A) satisfies the following 
properties: 

1. e C(C); 

2. A'{X) 1 as \X\ oo; 

3. is real-valued; 

4. A'^(A) satisfies the following d-equation 

dA' f 1 , ^TTTT ...XX 1 dg 



a\iX) + m) - T7^^(-«i(A) - a\{X) + 2v{0))+ 



dX IGttX" ' ^ " IQ'KdX 



+ —Q{X){-al{X) + c\{X))^A\ (2.28) 

where v{Qi) = JJ v{z)dRezdlmz, X G C\(£:'^ U 0). 

c 

Analogs of these properties of A'' for the nonrcgularized determinant in the case of nonzero 
energy can be found in [HN, N2, KN3]. The properties of A'' at zero energy can be proved 
similarly. In particular, property 1 is a consequence of continuous dependency of H^{X) on A 
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(in particular, see Statement A.l of Appendix for the proof of continuity of H^{X) at A = 0). 
Property 2 follows from items 2, 4 of Statement 2.2 (see Statement A. 2 of Appendix for details). 
Property 3 is a consequence of item 3 of Statement 2.2. The derivation of equation (2.28) is 
based on the ideas proposed in [HN] and is presented in subsection A.3 of Appendix. 

Statement 2.4. Let v satisfy conditions (2.2). Then 

1. fi\{z,X) is a continuous function of \ on C\£'^ ; 

2. /Lti(A) satisfies the following d-equation: 

for A G C\(0 U £'); 

3. fi\ ^ 1, as A — > oo; 

4- the scattering data <S"^(A) of (2.20) are continuous on C\S^ ; 

5. ■fi(O) = lim a\{\), where v{Q) = JJ v{z)dRezdIm.z. 

A— >-oo j-< 

Items 1, 4, are a consequence of continuous dependency of -ff'^(A) on A (in particular, see 
Statement A.l of Appendix for the proof of continuity of H'^iX) at A = 0). Items 2, 3 were 
proved in [BLMPl]. Item 5 follows from items 3, 4. 



3 Proof of Theorem 1 

We will start this section by formulating some preliminary lemmas. The proofs of these lemmas 
are given in Section 4. 

Lemma 3.1. Let v{z) be a potential satisfying (2.2) with the modified Fredholm determinant 
A''(A) defined by (2.19) in the framework of equation (2.1) and the scattering data 

5'(A) = {al{X),bl{X),c\{X),dl{X),al{X),cUX),al{X)}, X G C\£' , (3.1) 

defined by (2.21)-(2.27) in the framework of equation (2.1). Then the modified Fredholm deter- 
minant A^(A) and the scattering data S^{X), 

5^(A) = {ai,^(A),6i,^(A),ci,^(A),di,^(A),4,^(A),c^2,cW,a^,c(A)}, 
for the potential V(^{z) = v{z — Q have the following properties: 

1. AliX) = Ar(A); 

2. scattering data S'^(A) are defined for X G C\£^'' and are related to S'^{X) by the following 
formulas 

a\,^{X) = a\{X), (3.2) 

bl^{X)=e''^+''^b\{X), (3.3) 

clciX) = c\iX) + Ca\iX), (3.4) 

dl,c(A) = e^^^+^^f(dUA) + C6UA)), (3.5) 

«2,c(A) = «2(A) + Cal(A), (3.6) 

c|,c(A) = c^(A) + CK(A) + c\{X)) + CM (A), (3.7) 

«3,c(A) = 4(A) + 2C4(A) + ea\iX). (3.8) 
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Lemma 3.2. Let {v,w) satisfy equation (1.1) and conditions (1.6)-(1.8). Let S^{X,t) be the 
scattering data for v defined by (2.21)-(2.27) for a certain A € C\(£''' U 0) and allt^M. in the 
framework of equation (2.1). Then the evolution of these scattering data is described as follows: 



al{X,t) 


= a\{X,0), 


(3.9) 


b\{X,t) 


= e^<>^'+~^'n\{X,0), 


(3.10) 


c\{X,t) 


= c"i(A,0) + 24AVi(A,0)t, 


(3.11) 


d\{X,t) 


= e«^(^'+^')* K(A,0) + 2AXHl{X,0)t) 


(3.12) 


al{X,t) 


= al{X,0) + 2AX'^a\{X,0)t, 


(3.13) 


d,iX,t) 


= c|(A,0) + 24A2(4(A,0) + cl{X,0))t + {2AX^fa\{X,0)t'^, 


(3.14) 


al{X,t) 


= al{X,0)+48X^a'2iX,0)t - A8iXa\{X,0)t + {2AX^fa\{X,0)t'^. 


(3.15) 



The remaining part of the proof of Theorem 1 consists in the following. First of all we note 
that since {v,w) is a soliton, from Lemma 3.1 it follows that the set £^ of values of A G C for 
which the scattering data S''"(A) are not well-defined does not depend on t. 

Since {v, w) is a soliton, the time dynamics of its scattering data b\ is described by the 
formula 

b\{X,t) = exp(z(Ac + Ac)t)6^(A,0). 
(see formula (3.3) of Lemma 3.1). Combining this with (3.10) from Lemma 3.2 gives 

exp{8i{X^ + X^)t)b\{X,0) = exp{i{Xc + Xc)t)b\{X,0). 

Since functions A, A, A'^, A'^, 1 are linearly independent in any neighborhood of any point in C 
and b\{X, 0) is continuous on C\(£^'' U 0), we obtain that 

6"i(A,t) =0 for A e C\(f'^UO). (3.16) 

Similarly, combining formulas (3.5) with ( = ct, (3.12) and property (3.16) we obtain that 

d[{X,t)=OfoiXeC\{S'UO). (3.17) 

Prom (3.6), (3.13) we get that 

a^(A,0) + cta^(A,0) = a'2(A, 0) + 24A2tal(A, 0). 

Thus al{X,0) = on C\{S' U 0} and formula (3.9) implies that 

a\{X,t) = for A G C\{£' U 0) (3.18) 

and al{X,t) = a|(A,0), c\{X,t) = c\{X,0) for A G C\{£:'^ U 0}. From item 5 of Statement 2.4 it 
follows also that 

v{0) = 0. (3.19) 
Combining (3.7) with (3.14) and (3.18) we derive that 

4 (A, t) = -cl (A, t) for A G C\{£' U 0) (3.20) 

and combing (3.8) with (3.15), (3.18), (3.20) yields 

4(A,t) = 0, ci(A,t) = Ofor AGC\(ruO). (3.21) 
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Now equation (2.28) together with properties (3.18), (3.19) (3.21) imphes that A"^ is holo- 
morphic on C\(f U 0). 

Suppose that ^ 0. Item 2 of Statement 2.3 implies that is bounded. Since £^ is a 
closed set, then there exists A* G such that |A*| = max|A|. Function A'' (A) is holomorphic 

in D = {A G C: |A| > |A*|}. Items 2, 3 of Statement 2.3 together with holomorphicity of A'' in 
D imply that A'^(A) = 1 on A G Z?. On the other hand, A''(A*) — 0, which contradicts property 
1 of Statement 2.3. Thus wc obtain that 8^ = and A'' = 1 on C. 

The function /i^ is holomorphic on C\0 as follows from (2.29), item 1 of Statement 2.4, 
(3.16), (3.17), (3.18) and the estabhshed fact that E'^ = 0. The function fi\ is also bounded on 
the whole complex plane due to the items 1, 3 of Statement 2.4, which implies, in particular, 
the holomorphicity of function fi^ on the whole complex plane C. From Liouville's theorem it 
follows that iJ,\ = 1. Then, finally, from (2.1) with ip(z, A) = e**^^ we obtain that v = 0. 



4 Proofs of Lemmas 3.1, 3.2 



Proof of Lemma 3.1. 



1. Note that the eigenvalues of the integral operator H^{\) of integral equations (2.16)-(2.18) 
with potential v{z) coincide with the eigenvalues of the integral operator H^{X) of integral 
equations (2.16)-(2.18) with potential Vi^{z) = v{z — Q. 

Indeed, from 

J I' g\z - A)^^^|^^^pj^m(e, A)dRe^a!Im^ = vm{z, A), G C, 
c 

it follows that mc^{z, A) = m{z-C„ \){l + \z-C,\Y^^/'^{l + \z\)~'^'^~^^/'^^ satisfies the following 
equation 

- ^' ^) (1 + |^^3+./2 "^C(^' A)dReedIme = um^{z, A). 

c 



Since the modified Fredholm determinant of an operator is defined by its eigenvalues 
uniquely (see [GK]), item 1 of Lemma 3.1 is proved. 

Item 1 of Lemma 3.1 can also be proved by considering the right-hand side of (2.19) as 
a sum of convergent series; then it can be checked that every member of this series for 
A^(A) coincides with the corresponding member of the series for A'' (A). 

2. Function ^\ ^{z, A) corresponding to the potential V(^{z) = v{z—Q is defined as the solution 
of the following equation 

lil^{z, X) = 1 + JJ g\z - ^, \)v{i - C)/i,c(^, X)dReidlrni. 

c 

The change of variables ^ — C = 9) ^ ~ C = V yields the following equation on /n^ ^: 
Mi,c(^ + C, A) = 1 + J J /(r? - q, X)v{q)^i\^^{q + C, X)dRBqdLmq, 



9 



from which we obtain that n\ ^{z, A) is defined for A G C\£^'' and is equal to A) 
IJ,\{z — C,X). Now we substitute this formula for ^ into the definition of a\ ^(A): 



c 

Similarly, for b\ ^(A) we obtain 



bl^^{X) = JJ e'^^+'^~^v{z - C)n\{z - C, X)dRezdlmz = 

c 

= jj e^^(^+^)+^^(^+^")?;(r7)/xi(r/,A)dRer/dImr7 = e^^^+^^^>i(A). 

c 

Similarly formulas (3.4) and (3.5) can be obtained. 

Function n\ ^(z, A) corresponding to the potential V(^{z) = v{z—Q is defined as the solution 
of the following equation 

M^,c(^' ^^ = ^ + 11 - ^)^(^ - C)/^^2,c(C, A)dReCdIme. 

c 

The change of variables ^ — C,=q, z — (,=7} yields the following equation on 

M2,c(^ + C>A) = ?? + C + jj g'i'n - q, \)v{q)ixl (-{q + C, \)dReqdluiq, 

c 

from which we obtain that ^(2, A) is defined for A € 'C\£'^ and is equal to ^\ c,{^-> ^) — 
IJ.2{z — A) + Cl^ii^ — Ci Thus for the scattering data corresponding to //g ^(-z, A) we 
have 

'^2,c('^) ~ jj V(^{z)iJ,2^^iz, X)dJiezdlmz = 

v{z — C)l~i2{^ " C) X)dKezdlm.z + ( jj v{z — C)l~i\{z — QdKezdlmz = 

C 

= al{X)+Ca\{X), 

'i,cW ~ jj -^^c(^)a*2,c(^' ^)dRezdImz = 

c 

= jj zv{z — C)fJ'2{z — C, X)dl{jezdlmz + ( jj zv{z — C,)lj\{z — C,, X)d'R,ezdlm.z = 

C C 

= 4(A) + Ca^A) + Ccl(A) + ea\{\). 



Finally, function ix^^^{z^X) corresponding to the potential ^,^(2;) = v{z — Q) is defined as 
the solution of the following equation 



M3,c(^, ^) = ' +JJ - >^>{i - C)M3,c(e, A)dRe^dIme 
c 
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The change of variables ^ — C = QjZ~C = V yields the following equation on /Xg ^: 

f^uiv + C, A) = + 2r7C + + J J g'iv - q, \)v{q)nl^{q + ij, X)dReqdlmq, 

c 

from which we obtain that /Ug ^{z, A) is defined for A G C\£'^ and is equal to ^{z, A) = 
IJ,l{z — C, A) + 2CiJ.2(z — C,X) + C^lJ\{z — (,\). From this representation formula (3.8) can 
be easily obtained. 

□ 

In order to prove Lemma 3.2 we will need an auxiliary lemma. 
Lemma 4.1. Let T be an operator defined by 

T = dt + A = dt-8dl- 2wd^ - 85| - 2wd^, 
where w is defined via (1.1b), (1-8) and it is assumed that v satisfies conditions (1.6)-(1.7) and 

\dtv{x,t)\ ^ +^[^|)4+£ ' ^^^^ ^^^^ ^ ^• 

Suppose that for a certain A G C\0, and every i G M solutions iJi\{z,\,t), ji^i^^X^t), 
f/^{z,X,t) of (2.13), (2.14), (2.15) correspondingly exist and are unique. Then 

Ti^l = (^-8{iXf + ^ {-gdtal + 8{iXfgal)^ e'^' + ^ {-Gdtbl - 8{iXfGbl) 6"^^^"+ 

(4.1) 

+0(1) as \z\ — 00, 

Ti;l = -8{iXfze'^' + (^-24(zA)2 + ^ {-Gdtal + 8{iXfGal)^ e'^'+ (4.2) 
i-Odtbl - 8{iXfGbl) e-'~^' + o(l), as \z\ ^ 00, 

Ti^l = -8{iXfz^e^^'' - miiXfze^'" + f-48(iA) + — i-Gdtal + 8{iXfGa'S\ e^^'+ (4.3) 

\ IGtt / 

i-Gdtbl - 8{fXfGbl) e-'~^~' + o(l), as \z\ ^ 00. 

Proof of Lemma 4-1- We will only prove formula (4.1). Formulas (4.2), (4.3) are proved simi- 
larly. 

First of all, we note that 

dt,i\ = JJ g^z - ^,X)dtivi^,t)tJ,l{^,X,t))dRe^dImC. 

c 

Prom the assumptions of Lemma 4.1 it follows that the solution to this equation exists and 

is unique. Prom item 5 of Statement 2.2 it follows that ^ = — 3^ {Gdta\ + GXdtb\) + o(l) 
and 

(9?/;'' 1 1 

^ = -—Gdtale^^' - Qdtble-'^' + o{l), as \z\ ^ 00. (4.4) 

Ot lOTT lOTT 
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Further, 

dl^l = {iXfe'^'fil + 3{iXfe'^'^,^i[ + 3iXe'^'d'^,^\ + e'^^dlii\. (4.5) 
Prom item 5 of Statement 2.2 it follows that 

/i = 1 - -^{a\{\) +h\{X)X{z,\))g{\) +o(l) as \z\ ^ oo. (4.6) 
Function dzlJi\ is defined by 

dzlA = jj dz9'{z - A)f (C, t)ix\{i, A, t)dReCdImC, 
c 

where 

9,/(z, A) = -^e-^^(Ei(iAz) +Ei(-zAz)) + - 
Prom item 6 of Statement 2.1 it follows that dzff' = -^XQ + O (^-^j ^ \z\ oo and thus 

d.fil = ^XGh\ + o(l) as |z| ^ oo. (4.7) 
Function d1iJL\ is defined by 

c 

Thus, 

j I e*^^+^^«5^(u(^,0/i(?,A,i))c/Re^c/Im^+o(l) = — ^^Xe?6i+o(l) as \z\ oo. 

c 

(4.8) 

Similarly it can be obtained that 

dllA = ^T^Xgh\ + oil) as \z\ ^ oo. (4.9) 

Thus (4.5)-(4.9) imply that 
Cz^i = -rE~(l07r-C/aije --— — i/&ie +>i(zAj -— i/Oie -^«A— — — yb-i^e — — ybie + 

lOTT lOTT lOTT iDTT lOTT 

+ o(l) = ^^{IQtt - ga\)e'^' + o{l) as 1^1 ^ oo. (4.10) 

Further, 

Function dfiJ.\ can be represented 

5,Vi = jj d,g\z - ^,X)dlivi^,t)tJ,\{C,X,t))dRe^dImC, 
c 



iX 

T&rr' 
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where 

lOTTZ iDTT 



Thus 



dlil^l = ^^gb\e~^~^^ + o(l) as \z\ oo. (4.11) 



167r 

Combining (4.4), (4.10), (4.11) and property (1.8) of function w we obtain formula (4.1) 



□ 



Proof of Lemma 3.2. The derivation of formulas (3.9)-(3.10), (3.12)-(3.13) can be found in 
[BLMPl]. We present here a slightly different approach applicable also to the derivation of 
formulas (3.11), (3.14). 

Consider the following operator 

T = dt-Sdl- 2wd^ - 8dl - 2wd^, 

where w is defined in (1.1b). 

Equation (1.1) represents a condition under which the following is true 

[r,L]r? = 0, Vr?:L7? = 0, (4.12) 

where L is defined in (2.1) (see [M], [BLMPl]). Note also that T = dt + A, where A is the 
third order differential operator from the Manakov L — A — B triple for the two-dimensional 
Schrodinger operator L (see equations (1.3)-(1.5)). 
Let us take r] = tpl. Then (4.12) is equivalent to 

LT^Pl = 0. 

Thus function /i defined by 

fi{z,X,t) = T^l{z,X,t), (4.13) 

satisfies the Schrodinger equation (2.1). 
Formula (4.13) can be rewritten 

dtil^l = Sdli^l + 2wd,2l;\ + 8dli;[ + 2wd,iP[ + /i. (4.14) 

Using this representation we can derive formulas for dta\ and dtb\. Indeed, we write 

dta\ = J J e-'^'dtvi){dRezdImz + J J e-'^^vdti){dRezdLmz. (4.15) 

c c 

and 

dtb\ = JJ e'~^'dtvi){dRezdLmz + jj e^~^~^ vdt'^\dRezdlniz . (4.16) 
c c 
Using (1.1), (4.14), integrating expressions in (4.15), (4.16) by parts and using the fact that 

vil)\ = Adzdzipi we obtain 

dta\ = 8{iXfal + J J e-'^^vfidRezdlmz, (4.17) 

c 

dtb\ = -8{iXfb{ + JJ e^'^^vfidRezdlmz (4.18) 
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(see subsection A. 4 of Appendix for details). 

Inserting (4.17), (4.18) into (4.1) and using (4.13) we obtain that /i is a solution of the 
Schrodinger equation (2.1) with the following asymptotics 



h{z,X,t) = I -8(iA)3 - J I' e-'^^vfidRe^dlm^ ] e'^'+ 

c 



+ f -r^Q 1 1 e^'^^vfidRe^dlm^ | e'"'^^ + o{l), as \z\ oo. 



c 



Prom the assumption of lemma that A ^ £^'' it follows that /i = — 8(zA)^'0J. Using this fact 
formulas (3.11), (3.12) can be obtained similarly to the way formulas (3.9), (3.10) were derived 

(see subsection A. 4 of Appendix for details). 

Now let us take 77 = ^2 (4- 12). Then function /2 defined by 

is a solution of the Schrodinger equation (2.1). Using this representation we can derive the 
following formulas for ^402 ( A, i) and ^462 ( A, i) (63 is defined by (2.22) with fi\ replaced by /Xg): 



dta'2 = SiiXyal - 8{i\yal + JJ e^'^^w/sdRezdlmz, (4.19) 

c 

dtbl = -8{iXfbl - &ii>^fbl +11 e'~^^vf2dRezdlmz (4.20) 



c 



(see subsection A. 4 of Appendix for details). Inserting these representations into (4.2) we obtain 
that 

f2{z,X,t) = ^-24(^)2 - J I' e-'^^vf2dReCdlm^ e'^'+ 

+ l^-^^S^ jj (^^^vf2dReidlm^ e-*^^" + o(l), as \z\ ^00. 

Thus f2{z,X,t) = — 24(iA)^i/'J. Using this result we can easily derive formulas (3.13) and (3.14) 
(see subsection A. 4 of Appendix for details). 
Similarly let us take 77 = V"! in (4.12) and put 

hiz, A, t) = Ti^l + 8{iXfi^l + A8{iXf^l. 

Using this representation we can derive the following formulas for dta^^{X,t) and dt¥^{X,t) (6| 
is defined by (2.22) with /x^ replaced by /Lt|): 

dtal = %{iXfal - %{iXfal - 48(^)^0^ + jj e-^^^vf^dRezdlmz, 

c 

dthl = -8{iX)% - 8{iXfbl - 48(^)^6^ + jj e^'^^vfadRezdlmz 
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(sec subsection A.4 of Appendix for details). Inserting these representations into (4.2) we obtain 
that 



+ I -r^O J J e'^^vf2dRc^dlm^j e-'^^ + o(l), as \z\ ^ oo. 

Besides, /a is a solution of the Schrodinger equation (2.1). Thus, f3{z,X,t) = —48(iX)ip\. Using 
this result the formula (3.15) is easily derived (see subsection A.4 of Appendix for details). 

□ 
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A Appendix 

A.l Proof of item 6 of Statement 2.1 

Prom property 5 we obtain that 



Ei(z) = — + / ^dT, Ei(^) = — + 

Z J Z 



-At. 



Evidently, 



^ Consider 1\ = J ^-^p§—dT. Let us take the following 



contour of integration L^ = Li U L2, 

Pi = {r G M-, -00 < r < -\z\}, 

{{t = l^le**^, Argz < ip Kit} [{ Argz > 0, 
{r = \z\e'''^, -TT < if < Argz} if Argz < 0. 

Note that Re(— z -I- r) < on P2. Then we can estimate 



-dT 



ri 



<: 



1 



-Rez+x 



dx ^ 



and 



J 



dT 



T2 



27r 



Similarly, considering I2 = / ^/ dT we take 

—00 

Pi = {r e M_, -00 < T < -\z\}, 

{{t = \z\ey-^ , Argz < < tt} if Argz > 0, 
{r = l^le"^, -TT < 99 < Argz} if Argz < 0. 

and note that Re(— 2 H- r) < on P2 which allows us to obtain that II2I ^ ^ for \z\ > 0. 
A.2 Behavior of H'{X) at A = and at A = 00 

Consider H'^{X) the integral operator of equations (2.16)-(2.18). In Statement A.l of the present 
subsection we prove that H^{X) is continuous at A = 0; in Statement A.2 of the present sub- 
section we prove that H^{X) vanishes as |A| 00. We use the fact that since H^{X) is a 
Hilbert-Schmidt integral operator on L^(C), its norm is estimated by || H'^{-,-,X) ||^2( 
where H^{-, •, A) is the Schwartz kernel of the integral operator H^(X). 



:xc)) 



Statement A.l. 



c c 



1 



(1 + \z\)^+' 



dRezdlmzdRe^dlm^ ->■ as |A| ^ 0. 
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Proof. Let us find estimates on the difference g^{z — ^, A) — In \z — for A small enough. 
1. ^1 

Using definitions (2.11) and (2.10) we can estimate 



l9'(3-«,A)-^lii|2-tf| < 



+ 



+ 



_!_e-^^(^-0(27 + In lAI^) - f 1 + e-^^(^-«-^^M') (g-*^ + e^^)(27 + In lAp) 
47r 647r V / 



+ 



+ 



n=l 



(zA(z-g))" + (-zA(z-0)" _ 

nn! IGtt 



1 _ _ _ 



647r \ / ■ ' — ' nn\ 

n=l 

^ const(|A||z - ^11 In 1^ - ^\^\ + const|A||^ - ^|| In \X\^\ + |A|(1 + \z - ^|)). (A.l) 
2. >1 

(a) |A|i-V - CI ^ 1 for some < ^ < 1 
Using estimate (A.l) we obtain in this case 

\{f{z - A) - ^ In |z - ^ const(|A|^ In \z - + \\f\ In |A|2| + |A|^). (A.2) 

(b) |A|^~^|z — ^1 > 1 (note that the smaller A is, the smaller this domain is in the C x C 
space of {z,^) variables) 

From property 6 of Statement 2.1 we obtain 

\9'{z - e, A) - ^ In 1^ - ^ const ( p^^T^ + In |z - ^ + \ In |A|2|^ ^ 

^ const(|z -^\^ + \n\z-^f + \ In \z - I)- (A.3) 

Estimates (A.l), (A.2) and (A.3) with < e, where e is the constant from property (1.7), 



yield the proof of the statement. 
Statement A.2. 



□ 



\g'{z - X)\ / ' |.6+^ dRezdlmzdRe^dlm^ as |A| ^ oo. 

(1 + \z\) 



Proof. For definiteness we will assume that |A| > 1. 
1. |A||z -^\^1=^ |A|"|z - <e|" ^ 1 Va > 
From item 4 of Statement 2.2 we obtain that 




i/(^-c,A)r 



KOP(i + iei)^+^ 



|A|k-$l>i 



const 

w 



{l + \z\f+' 



1 + 



c/RezdlmzdRe^dlm^ ^ 



Ke)i'(i + I^i) 



6+£ 



z-eiv (i + kl) 



6+e 



-dRezdlmzcZRe^dlm^ ^ 



^ const 



const 

|A|2-2a 



C C 



1 + 



b(Oi'(i + iei)'+^ 



^_^\2-2aJ (l + |^|)6+s 



cZRezdlmzdRe^dlm^ — )■ as |A| ^ oo 
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if a < 1. 

2. \X\\z-C\<l 

From item 2 of Statement 2.2 we obtain that 

|A||z-€|<l 

^ const In |A|2 ^^''^(^ +^|^)6+£ ^ cjRezcflmzdReCdImC+ 

k-el<l/|A| 

+ const yy^y" In \z - ^^^^^-j^^ +^|^)6+6 ' dRezdlmzdReCdlm^. 

k-«l<i/|A| 

The second summand in the last expression is o(l) as |A| oo. For the first summand 
we get 

const In |Ap JJ JJ ^^^^(i |^|^)6+r^^ dRezdlmzdRe^dlm^ = 

\z-^\<l/\\\ 

= const In I // // ; n-;r- — z , , , ^ , dRezdlmzdRewdlmw ^ 

^ JJ JJ {l + \z-w\f+'{l + \z\)>^+' 

\w\<l/\\\ 

^ const In lAp // // ; ^ttt, — , , , ^ , dRezdImzdRewdImw+ 

^ ^ JJ JJ il + \z-w\)^+'{l + \z\)(^+' 

\w\<l/\X\,\z\<2 

+constln lAp —-rr, — , ^ , , , ^ , dRezdlmzdRewdlmw ^ const ^'^j^J >■ as A ^ cxd. 

\w\<l/\X\,\z\^2 



□ 



A. 3 Derivation of formula (2.28) 

Differentiating (2.19) with respect to A yields 



dX V ' " d\ dX 

From item 6 of Statement 2.2 we obtain that 



9A V 47rA 27r aA ' ^ ^ ^ ' 



Now we note that due to item 3 of Statement 2.2 the following equation holds 

l\iz, X)Xiz, A) = (1 + |z|)-(=^+^/2)x(z, A)+ 

+ |y"(l + |z|)-(3+^/2)/(z - A)^^^-^jpL_^(^, x)X{^, X)dRe^dlm^, 
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which imphes that 

(7 - H'{X))-^Xiz, A)(l + ^ ^(^^ ^^^^^^ ^) 

for A G C\^^ 

Similarly we obtain that 

(I - i7'^(A))-^X(z, A)z(l + ^ ^^^^^^ X). 

Thus we obtain the following formula 

-IV ((/ - i/'(A)) = - — + — + — ^a, + -^S, (A.5) 

Finally, combining (A. 4) with (A.5) we obtain (2.28). 

The above derivation is rigorous for potentials v small enough. If we have an arbitrary 
potential v, a similar formula can be derived for a potential 5 ■ v, where (5 G C is a small 
parameter. Since both parts of (2.28) are holomorphic with respect to S (see [GK] for the proof 
of holomorphic dependence of A on S), then (2.28) holds for arbitrary values oi S e C 



A. 4 Derivation of formulas for dtOj, dtbj, dt(fj, dtdj 

We start by deriving a formula for dta^ j = 1,2,3. Substituting (1.1) and 



into 



yields 



dta] = JJ e-'^^dtV2l;'jdRezdLmz + JJ e-'^^vdttp]dRezdLmz 
c c 



dta]{X, t) = 8 J J e-'^^ d^v tp'j dRez dimz + 8 J J e"'^^ div tp'j dRez dlmz+ 
c c 

+2 [[ e-'^^d,vw2p)dRezdlmz+2 [[ e''^^ v d,w dRez dImz+2 [[ e''^^ d^v in tp) dRez dlmz+ 



c c c 

+ 2 J J e-'^^vdzwi^jdRezdimz+S J J e''^' vd^tjj'j dRez dlrnz+S J J e-'^^ v dlip'j dRez dimz+ 
c c c 

11 



+2 J J e-'^' V w dzi^j dRez dLmz+2 J J e''^' v w d^i^] dRez dlmz+ jj e"*^^ v f dRez dimz = ^ 

(A.6) 

Integrating /y by parts yields 

/7 = -8{-i\f J J e-'^^ V dRez dlmz - 24.{-i\f jj e''^^ d^v dRez tflmz- 

c c 

- 24(-a) j j e-'^^ dlv -fj dRez dlmz jj e~'^^ dlv -f^ dRez dlmz. 



20 



In this way it can be obtained that 

h+l2 + l7 + h = -S{-iXfa] - 24(-iA)2 J J e''^' d^v i)] dRez dlmz- 

c 

- 24{-iX) J I e-^^^ dlv il)] dRez c/Imz. (A.7) 

c 

Integrating Jg by parts and taking into account that —Adzdzipj + vip^j = we obtain 



Ig = -2 J J e-'^' dzv w i)] dRez dluiz - 2{-iX) J J e"'^^ v w i)] dRez dlmz- 

c c 

- 2 e-'^^ V dzw il;] dRez dluiz = -'^JJ e"'^^ d^v w V'j dRez dlmz- 

c c 

- 8{-iX) J J e-'^^ w dzdzi^] dRez dluiz -^JJ ^ d^w i)] dRez dluiz = 

c 

-iAz o „ /.r JT3 ;t™~ i O/IC „-\\2 / / -iXz Pi „_,r 



= ~'^JJ w i)] dRez dimz + 24(-iA)^ j J e''^^ d^v ij}] dRez dlmz- 

c c 

+ 24(-iA) j I e"'^^ dlv i;] dRez dlmz -^JJ e"'^^ v d^w i)] dRez dluiz. 

c c 

Thus it can be obtained that 

I3 + /4 + ^5 + ^6 + ^9 + Iw = 

= 24{-iXf JJ e-'^' dzv il)] dRez dimz + 24(-a) JJ e''^^ d^v if)] dRez dimz. (A.8) 

c c 

Finally, 

dta'jiX,t) = 8{iXfa'j{X,t) + jj e-'^^v{z,t)f{z,X,t)dRezdLmz. 

c 

In order to derive a similar formula for dfbj, j = 1, 2, 3, we need to replace iX by —iX and 
—iXz by iXz everywhere in the derivation of the formula for dta'j. 
Next we derive a formula for dtc^j, j = 1,2. Substituting (1.1) and 



into 



dtdj = JJ ze~'^^dtvi)]dRezdlmz + JJ ze''^^ vdt-fjdRezdluiz 

c c 
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yields 

dtdjiX, t) = 8 jj ze-'^^ dlv ^] dRez dluiz + ^ jj -^e"'^^ dlv ^] dRez dlmz+ 

c c 

+2 j j 26"*'^^ dzV w tpj dRez dImz+2 J J ze'"^^^ v dzW tpj dRez dImz+2 J J ze'"^^^ dzV w tpj dRez dlmz+ 

c c c 

+2 JJ ze-'^^vdzW2p'jdRezdLmz+8 JJ ze~'^^ vd^tp'j dRez dlmz+S J J ze''^^ v dlip'j dRez dlmz+ 

c c c 

+^JJ ze''^^vwdztp^jdRezdlmz+2 JJ ze''^^ vwdzip^jdRezdlmz+JJ ze''^' v f dRez dlmz = ^ Ji. 

tn mm i=\ 



c c c 

Integrating Jy by parts yields 

J7 = -8(-a)3 JJ ze-'^^ V il)] dRez dimz - 24{-iXf JJ ze''^^ d^v ip'j dRez dlmz- 

c c 

- 24{-iXf JJ e-'^^ V tp'j dRez dImz - 24{-iX) JJ ze''^^ dlv tp'j dRez dlmz- 



(A.9) 



c 



48{-iX) JJ e-'^^ dzV ij)] dRez dlmz JJ ^e~^^^ dlv tp) dRez dlmz- 



c c 



24 / / e-'^' dlv i}) dRez dRnz. 



In this way it can be obtained that 

Ji + J2 + J7 + J& = -S{-iXfc] - 24{-iXf JJ ze-'^^ d^v ^p'j dRez dlmz- 

c 

- 24{-iXf JJ e-'^^ V i)] dRez dlvaz - 24{-iX) JJ ze''^^ dlv ip] dRez dlmz- 

c c 

-48(-a) JJ e-'^'dzvtp'j dRez dLmz- 24 J J e''^^ dlv ip'j dRez dImz. (A.IO) 
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Integrating Jg by parts and taking into account that —Adzdz^y^j + vtl^^j = we obtain 
Jg = -2 J J ze-'^' dzv w i)] dRez dlmz - J J ze''^' vw^j'j dRez dLmz- 



c 



2 J J e-'^' vwi)] dRez dlmz jj ze''^^ v dzW ip) dRez dlmz 



c c 



= -'^JJ ^e"*^^ dzV w i)] dRez dlmz - 8(-zA) j j ze-'^^ w d^dzi^] dRez dlmz- 
c c 

jj e~'^^ w dzdzi^] dRez dlmz -'^ jj ze~'^^ v dzW i)] dRez dlmz = 

c c 

= -2 JJ ze-'^^ dzV w i)] dRez dlmz + 2A{-i\f jj ze''^^ dzV -0^ dRez dLmz+ 

c c 

+ 48(-zA) JJ er'^' dzVil;]dRezdimz + 24{-iX) J J ze~'^^ d'^v ip'j dRez dlmz+ 
c c 

+ 24 e-'^' dlv dRez dlmz -'^JJ ze''^' v dzW i)] dRez dlmz. 



c c 
Thus it can be obtained that 



Jz + + Jb + J(i + 'h + JlO = 

= 24{-iXf JJ ze-'^' dzV i)] dRez dlmz + 24(-zA) JJ ze~^^^ dlv i)] dRez dlmz+ 



48(-zA) J I e-'^^ dzV i^] dRez dlmz + '^^JJ d^v i)] dRez dlmz. (A.ll) 



c 

+ ■ , 

c c 

Finally, 

dtc]{\t) = 8{i\fdj{\,t) - 24{-i\fa'j + JJ ze-'^^v{z,t)f{z, \,t)dRezdlmz. 

c 

In order to derive a similar formula for dtd\ wc need to replace iX by —iXz by iXz and 
2; by 2 (whenever it appears as a multiplier in the integrand) everywhere in the derivation of 
the formula for Sjc^. 
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